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Part I (L&, 70 71)

#1. For the given matrix

1 3 =21

A={2 1 3 2
34 5 6

(1) find the reduced row echelon form (FELATIMELETE) of 4;
(2) find a basis for the row space of 4 ;

(3) find a basis for the for the column space of 4 ;

(4) find a basis for the nullspace of 4 .

Solution:
1 3 =21 1 3 21 1 3 0 5/2 1 0 0 -13/20

(1) A4={2 1 3 2|->|0 -5 7 0|—=>(0 1 0 21/20(—>|0 1 0 21/20 (=U
34 5 6 0O 0 4 3 0 01 3/4 0 01 3/4

(2) (L0,0,-13/20), (0,1,0,21/20), (0,0,1,3/4) form a basis for the row space of A, since row
elementary operations do not change the row space of A.

(3) The 1%, 2nd, and 3™ column vectors of U are linearly independent. The 4™ column vector is a linear
combination of the first three column vectors. Hence, (1,2,3)", (3,1,4)", (-2,3,5)" form a basis for|

the column space of A.

(4) Solving the system A4x =0, we obtain a basis (13,-21,—15,20)" for the nullspace of 4.

#2.Let e,e, beabasisfor R* and b,b,,b, beabasis for R’,
1 10
1 0
where (e,e,)= 0 1J° (b;,b,,b,)=11 0 1}.
0 1 1

Let L: R* —» R’ be the linear transformation defined by
L(x)=xb, +x,b, +(x, +x,)b,.




Fa2W GLaFO
Find the matrix 4 representing L with respect to the bases [e,e,] and [b,,b,,b,].
Solution:

L(e,)=b,+b,
L(e,)=b, +b,
1 0
A=10 1

1 1

#3. Let S be the two dimensional subspace of R’ spanned by
u, =(1,0,2)" and u, =(0,1,-2)"

Find a basis for $* and determine the projection matrix P that projects vectorsin R’ onto S*.

Solution: xeS- ifandonlyif xlw, and x_l u,.Thatis
x+2x, =0
x,-2x,=0
S* =span{(-2,2,1)"} . An orthonormal basis for S§* is (-2/3,2/3,1/3)7
The projection matrix is

-2/3 4/9 -4/9 -2/9
2/3 |(-2/3,2/3,1/3)=(-4/9 4/9 2/9
1/3 -2/9 2/9 1/9

#4. For the given matrix 4, find all possible values of the scalar £ that make 4 diagonalizable or show
that no such values exist.

4 6 -2
A=|-1 -1 1
0 0 B

Solution: The eigenvalues of 4 are 4, =1, A4,=2, A,=8.
If p#1 and B =2, then 4 is diagonalizable since 4 has 3 distinct eigenvalues, and hence A
has 3 independent eigenvectors.

If g=1, then 2 is a single eigenvalue and 1 is a double eigenvalue of matrix A. For the
double eigenvalue,

3 6 =2
A-1-1=|-1 =2 1|, N(A-1-I)=span{(-2,1,0)"}, which is of dimension 1.
0 0 O

Hence, in this case 4 is not diagonalizable since the geometric multiplicity of A, =1 is less than its
algebraic multiplicity.

If =2, then 1 is a single eigenvalue and 2 is a double eigenvalue of matrix 4. For this
double eigenvalue,

A4-2-1=[-1 =3 1 N(A-2-I)=span{(l,0,1)",(3,-1,0)"} , which is of dimension 2.
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Thus, in this case 4 is diagonalizable since for each eigenvalue of 4, its algebraic multiplicity is the
same as its geometric multiplicity.
In summary, 4 is diagonalizable if and only if g #1.

Part 11 (GEfHE, 30 77)
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#5.Let S beasubspace of R'.Show thateither S={0} or S=R'.

Proof If S=# {0}, then there exists a nonzero element (a)eS, where a is a nonzero real number.
For any element (x)eR', % is a real number. Thus, E(a) =(x) eSsince S is closed under scalar
a a

multiplication. Thus, anyelementin R' isalsoin S, and hence S=R'.

#6. If V,,V,,V, are subspaces of vector space V, show that V,+V,+V, is a direct sum if and
only if

Vin(Y,+V;)={0},V,n(V,+V;)={0},and V,"(V,+V,)={0}.

(E: ArIFIHA A 36 51 _E# Theorem 1.7.3)

Proof V,+V,+YV, isa direct sum if each vector in the sum can be uniquely represented as
X=X, +X,+X,,where x, eV,(i=12,3).
Suppose that V, +V, +V, is a direct sum. If V, N (V,+V,)= {0}, then there is a nonzero element
ueV,n(Vv,+V,).

u canberepresentedas u=u+0+0,where ueV ,and 0eV,, 0eV,.

And also, u can be represented as u=0+x,+x, since ueV,+V,, where 0€V,, x,€V,,

x, € V,. Thus, u has two distinct representations. This is a contradiction. Thus, when V, +V,+V, isa
direct sum, we must have V,n(V, +V,)={0}. Similarly, we can prove that V, n(V,+V,)={0}, and
V. (V,+V,)={0}.

Conversely, suppose that V,n(V, +V,)={0},V,n(V,+V,)={0},and V,N(V,+V,)={0}.
If V,+V,+V, isnota direct sum, then there exists an element u eV, +V, +V,, such that
u=x +x,+x, and u=y +y,+y,, where x,y eV, (i=123).
and there exist at least one integer ;e {l,2,3} such that x, #y,. Without loss of generality, assume|
that i=1.

#7. Let o be a linear transformation on vector space V over the complex number field, andS be a
o -invariant subspace of V. Show that there exists a nonzero vector ueS§, such that o(u)=A4u,
where 1 is a scalar. (For the definition of invariant subspace, see page 92 in the textbook.)

e WS H—4A%E u,u,,---u,, Mo),c0,),--,c(,) #EH, 0,0 HLEHSER,
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Proof In formal multiplication, we can write
(G(ul),o-(uz)r"':o-(“k)) = (“lauzs"'s“k)A
where 4 isa kxk matrix. Let 1 be an eigenvalue of 4, and x be an eigenvector such that
Ax = Ax, where x=(x,,%,,,x,)"
Let u=xu +xu,+---+xu, =(u,,u,,--,u,)x, which is not zero.
Then o(u)=xo0,)+x,0(,)+ --+x00)=(1)oc,), -,o(u)x
=(u,,u,, -, u, )Ax=(u,,0,,"--,u, )AX=A(u,,u,,---,u, )X = Au




